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ABSTRACT

In this paper we prove for any element & of a Pre A*-algebra A, the set A is a Pre A*-algebra under

the operations Aand V and the complementation °. We also prove that if 0 is a factor congruence
on A, then 6N ( A x Aa) is a balanced factor congruence of Aafor each a€ A and hence there

0
exists unique SaeB(Aﬁ)suchthat Qﬂ(Aa X Aﬂ)= Sa={(x,y) € A x Acl/ Sa AX= Sa Ayl
Keywords: Boolean algebra, Pre A*-algebra, congruence, centre of Pre A*-algebra, factor
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INTRODUCTION
In 1948 the study of lattice theory had been made by Birkhoff [7]. In a draft paper [3], The

Equational Theory of Disjoint Alternatives around 1989, E.G.Maines introduced the concept of

(AAV()'();,012) which is however differ from the

Ada(Algebra of disjoint alternatives)
definition of the Ada of his later paper [4] Adas and the equational theory of if-then-else in 1993.
While the Ada of the earlier draft seems to be based on extending the If-Then —Else concept more on

(Anv) introduced by

the basis of Boolean algebra and the later concept is based on C-algebra
Fernando Guzman and Craig.C. Squir[1].
In 1994, P. Koteswara Rao[2] first introduced the concept A*-Algebra

(AAv5().()..012) not only studied the equivalence with Ada, C-algebra, Ada’s connection with

3- Ring, the If-Then-Else structure over A*-algebra and Ideal of A*-algebra. . In 2000, J. Venkateswara

Rao [5] introduced the concept of Pre A*-algebra (Anv.()) as the variety generated by the 3-
element algebra A = {0,1,2} which is an algebraic form of three valued conditional logic.In [8]
A.Satyanarayana et al. generated Semilattice structure on Pre A*-Algebras .In [10], A.Satyanarayana
defined a partial ordering on a Pre A*-algebra A and the properties of A as a poset are studied. In [9]
A.Satyanarayana. et.all derive necessary and sufficient conditions for pre A*-algebra A to become a
Boolean algebra in terms of the partial ordering.

In this paper we prove for any element a of a Pre A*-algebra A, the set A, is a Pre A*-algebra
under the operations ~and V induced by those of A and the complementation . We also prove

that if @ is a factor congruence on A ,then 6 ( A x Aﬂ) is a balanced factor congruence of A

for each a€ A and hence there exists unique Sa e B( A ) such that 6N ( Ax A )= esa .
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1. PRELIMINARIES:
(Ba VA, (_)'! Ol 1)

unary operation (called complementation), and two nullary operations which satisfies:

(i) (B,v,A)

1.1. Definition: Boolean algebra is an algebra with two binary operations, one

is a distributive lattice

(iii) XA X' =0, xvx=1

We can prove that X=X, (XVYY=EXAY (XAY=X VY o % YEB

In this section we concentrate on the algebraic structure of Pre A*-algebra and state some
results which will be used in the later text.

(A AV, )

1.2. Definition: An algebra ") where A is non-empty set with 1, A,V are binary operations

and O) isa unary operation satisfying

(@) X =X  VXeA

(b) XAX=X, vxe A

(c) XAY=YAX, X,y e A

(d) (XAY) " =x"vy WX, yeA
(e)X/\(y/\Z) =(XAY)AZ, VX YVY,ZeA

() XA(YVZD)=(XAY)V(XAZ), VXVY,zeA
(g) XNY=XA (x“vy) WxyeA is called a Pre A*-algebra

1.3. Example [6]: 3 = {0, 1, 2} with operations ™V (-) defined below is a Pre A*-algebra.

A 0 1 2 v 0 1 2 X X
0 0 0 2 0 0 1 2 0 1—
1 0 1 2 1 1 1 2 1 0
2 2 2 2 2 2 2 2 2 2

1.4. Note: The elements 0, 1, 2 in the above example satisfy the following laws:
(a)2"=2 (b) 1 Ax=xforallx €3
(c)0vx=xforallx € 3 (d)2Ax=2vx=2forallx € 3.

1.5. Example: 2 = {0, 1} with operations A, v, (-)” defined below is a Pre A*-algebra.

A ’0 1 v‘O x’x
0 0 0|0 0
1 0 1 1|1 1
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1.6. Note:
0 (2,v, A, (—5)

(ii) The Boolean algebra 2 = {0, 1} is an underlying set in the Pre A*-algebra 3 =

{0, 1, 2}. Further the readers can note that the Pre A*-algebra 3 = {0, 1, 2} is not

a Boolean algebra as there is a critical element 2 which is not in the Boolean algebra

2={0, 1}.

(iii) The identities 1.2(a) and 1.2(d) imply that the varieties of Pre A*-algebras satisfies all the dual
statements of 1.2(b) to 1.2(g).

1.7. Definition: Let A be a Pre A*-algebra. An element X <A is called central element of A if

is a Boolean algebra. So every Boolean algebra is a Pre A* algebra.

XV X=1 3nd the set {x e A/ XV X~:1} of all central elements of A is called the centre of A and it is
denoted by B (A).
1.8. Theorem:[6] Let A be a Pre A*-algebra with 1, then B (A) is a Boolean algebra with the induced

operations "+ ¥ ¢)

1.9. Lemma: [10] Let (Anv,()) be a Pre A*-algebra and let a € A Then the relation
0, ={(x,y) e AxAl anx=anVy} ic

(a) a congruence relation as in Boolean algebra.
(b) ea ﬂ0a~ = eava”
()

(d)
we will write X 6’ay to indicate (X’ y) € 03.

ga mgb - gavb

0,0, <6

ara’

1.10. Lemma: [10] Let Abe a Pre A*-algebra and a,b € B(A)( Boolean algebra with the induced
ea meb = eavb

operations 'V ) ), then
1.11. Definition: Let A be a Pre A*-algebra and & € Con(A).Then & is called factor congruence if

there exist B € Con(A) such that & N B-Aa and & O B AXA. In this case B is called direct
complement of & .

1.12. Definition: A congruence p on Pre A*-algebra A is called balanced if(lB \ 9)ﬂ (ﬂ \Y, 6“) B

for any direct factor congrucnces 0 and any of its direct comoplement 0~ on A.
2.Balanced Factor Congruences on Pre A*- algebras:

2.1. Theorem: Let Abe a Pre A*-algebra and @ €A, Let Aﬂ: {x€EA/aAx=x}then Aﬂ is closed
under the operations A and V. Also for any x€ Aa define, X =a x then (Aﬂ, AL,V 2)is a Pre
A*-algebra with 1(here a is itself is the identity for /N in A, ;thatis 1in A ).

Proof: Let X, Ye Ad.Then aAx=xandaAy=y.

Now a/ (XA y)=(@aAX)A y=xAy = xA y€E A,

Alsoa/(xV y)=(a”x) V(aAy)=xV y= xVyE A,
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Therefore A is closed under the operation N and V.

a/\ Xa:a/\(a/\ XN):a/\ XN=Xa:>Xa€ Aﬁ
Thus Aﬂis closed under ?.

Now forany x,y, z€ A
(1)x*¥=(@Nx)=ar(aNx) =ar(a V x)=arAx=x
(2) xAx=(@Ax)N(aNx)=arAx=x
B)xAy=(arx) A (@ary)=(a”y) N (a”x) =y~ x
(4) (xAy)=an(xAy) =aA(x Vy)
=(@@"x)V (any’)
=x"V y°
(S)xA(yAz)=(@rx) M @A y) N (@ z)}
=a N {xN(yNz)}
=aN{(xNy)Az}(sincex,y, zEA)
= (xA\y)Az
(6) x N (yVz)=(@rx)M(ary) V(@anz)}
=H{@Ax) N @nry)Vvi{l@arx) N (anz)}
={aN(xAy)V{@an(xAz)}
=(xAy)V (xAz)
(7) XA (X Vy)=xA{(an X)Vy}
={xA (@A X )}V (xAy)
=(xA X))V (xAy) (sinceaAx=x)
=xA (X Vy)

=X/\y

Finally x€ A implies that aAx =x =x/a. Thus ( Aa, A,V ?)is a Pre A*-algebra with & as identity
for A

2.2. Theorem: Let & be a congruence on A. Then 6N ( A x Aa) is a congruence on Aa, for each &
EA.

Proof: Suppose 0 be a congruence on A, and a€A.
Letx€ A we have that (x, x) € Ax A

since & be congruence we have (x, x) € o ( A x Aa)
Therefore the result is reflexive.

Let(x'y)eeﬂ(AaXA,l)

Then (x, y) €0 and (x,y) € A x A
=(y,x) €0 and (y,x) € Pax A

D(V’X)eﬁﬂ(p}ixp%)

The result is Symmetric.
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Let (v, y), (v, 2) € 0 N (P x A

=(x,y),(y,z) € and (x,y), (y,2) € A x A
:>(x,z)€9and X,Y,2€ Anlhence (x,2) € AxA
=(x, z)€ Hﬂ(A,]x A.l)

The result is Transitive.
Hence the relation is equivalence relation.

Let (xy), (2,1) € O 11 (A x A

Since x,y,z,t € Aﬂ‘,we have

a/\x/\z=x/\z:>x/\z€A=l

a/\y/\t:y/\t:> yAte Aa

= (xAz,yAt) € A x A

since & be congruence we have (xAz,yAt) € & N (Aa X Aﬂ‘)

Now (x,y) € 0 =(x,y") € 0
=@Ax,ary) €0 and (arx,ary) € A x A
=(@rx,aA yN)egﬂ(Aaan)
j(xa,ya)eeﬂ(AaXAa)

Therefore Hﬂ(Aﬂ x Aa) is compatible (closed) with the binary operation A and unary operation ®

on Aa

Let (x,v), (1) € O (1 (A x A

Since x,y,z,t € Aﬂ‘,we have

aN(xVz)=(aAx)V(ary)=xVz = xVzE A

aAyVH)=(@ry)V @iy =yve = yvie

:(szlyvt)eAaan

Therefore ¢ N ( A x Aa) is compatible with V also

Thus ¢ N ( A x Aﬂ) is a congruence relation on A‘

2.3. Theorem: Let & be a factor congruence on a Pre A*-algebra A. Then 6N ( A x Aa) is a factor
congruence on Aﬂ

Proof: Since ¢ be a factor congruence on A there is a congruence 0~ on A such that ¢ No- Ay

and 0 00°- pxa,
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consider [0 (Ax AN o-NAx Ay 0N 69N (Ax Ay
= AN (Ax Ay
A the diagonal on ™
Observe that every element in “® s the form a A x for some x€ A.
Now, let (a~x,aAy)€ P4 x A Then (aAx, a2 y)€ AXA =8 0 0 which implies that there exist 2€
Asuchthat (a”Ax,2)€ @ and (2, ary)€ 0"
Now (a/x,a~z)€ 0 and (arz a~y)e O andarze f
Therefore (a/Ax, aA z)€ eﬂ(AaXAﬂ)and(a/\z,a/\y)E QNH(Aaan)and hence (a”A x,a/y)€
(0-N (A x Ayo0N (Ax Ay
Therefore [0 1 (A x Aa)yjo0-N (Ax Ay =Ax A

Therefore ¢ N ( A x Aﬂ) is a factor congruence on Aﬂ‘and 0~ ( A x A-1) is a direct complement
of 01N ( A x A ).
2.4. Theorem: Let A be a Pre A*-algebra with 1 induced by Boolean algebra , 0 is a factor

congruence on A and B a direct complement of ‘9.Then there exist unique a € A such that 9=0a:
{(x,y)e AxAl anx=any}, q B - ea'(=ﬂa)'

Proof: Let 1 = 0. Then 1 and 0 are identities for operators A and V respectively in A.

We have 011 5 - A and 0 0P - axp

Then clearly OobB - B o0 -pxp,

Since (0,1) €EAXA= 0 o 'B, there exist a€ A such that (0, a) € ﬂand (a, 1) € 0.
First we observe that a is a unique element with the above property. If b € A also is such that (0, b)

€ 'Band (b, 1)€ 0 then by the transitive and symmetry of'B and @ we get (a, b) € oNp - AA,
the diagonal of A, and hencea=b

Thus a is unique such that (0, a) € B and(a, 1) € 0

Now we prove that 0 - 49a and B = 93"
For any x, y € A we have

(O,a/\X)=(0/\x,a/\x)€'B (since(o,a)eﬂ)andhence(a/\x,a/\y)eﬂ
Now (X,y)€0:>(a/\x,a/\y)€ N P - A,

—alNx=al\y

=(x,y) €
Therefore 0 < 6

On the other hand forany x€A, (a”\ x,x)=(a”\x,1/\x) € 0 (since (a, 1) € 9)

Proceedings of UGC Sponsored Two Day National Seminar on “EMERGING TRENDS IN MATHEMATICS” 8th & 9th December, 20
2016, Organized by The Department of Mathematics (UG & PG) Sir C R REDDY AUTONOMOUS COLLEGE, ELUR U



BULLETIN OF MATHEMATICS AND STATISTICS RESEARCH
(BOMSR)

An International Research Journal (Peer-Reviewed / Refereed)
http://bomsr.com/
Volume .5, S1.2017; ISSN: 2348-0580

Now (x, y) eHa:>a/\ x=aly
We have (a/\ x, x) € ‘9,(3/\y,y) €0 andaA x=aA Yy = (%) eb

Hagé?_

Therefore
Thus @ = ga.
Also from (0, a) € B and(a, 1)€ 0 we have that (0,a")€ 0 and (@’,1)€ B and by interchanging 0
and B in the above argument we get that

B _ 0, _B.={(x,y)e AxAl avx=avy}

We have already proved that a is unique with this property.
2.5. Theorem: Let A be a Pre A*-algebra with 1 induced by Boolean algebra. Then any factor
congruence on A is balanced.

Proof: Let B is a factor congrucnces on Pre A*-algebra A and 6 another factor congruence on A and

0" a direct complement of 0.

Then by 2.4. Theorem there exist a, b € A such that B =P and 0 = 6 - By and 0" = Oy
Now(ﬁve)ﬂ(ﬂvQN):(ﬂa\/ﬂb")ﬂ(ﬂa\/ﬂb)
= ﬂavb‘ n ﬂavb

'B (avb)A(avb )

'B av(b” Ab)

=/"av0 = ﬂ = IB
Thus B is balanced.

2.6. Theorem: If 7 is a factor congruence on A then 6N ( A x Aﬂ‘) is a balanced factor congruence

0
on Aafor each a€ A and there exists unique Sae B( Aa) such that @ N ( A x Aa) = f={(x,vy) €
Aax Aa/ Sa/\x= Sa/\y}
Proof: It follows from 2.3, 2.4 and 2.5 theorems
Conclusion
This manuscript makes it possible to identify a factor congruence and its is a unique direct

complement on a Pre A*-algebra. The notion of balanced congruence was initiated. It is detected
that any factor congruence on Pre A*algebra is balanced. For any element a in a Pre A*algebra, it has

been derived a typical Pre A*algebra Ad It is observed that if @ is a congruence on a Pre A* algebra
A, then there is 6’“('%1 x Acl) is a congruence onAﬂ, for each @ €A and if ¢ be a factor

congruence on a Pre A*-algebra A, then 6N ( A x Aa) is a balanced factor congruence on Aafor

each a€ A and there exists unique Sae B( A@-1) such that @ N (Aa X Aa) = esa ={(x,y) € A x Aﬁ/
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Sa Ax = Sa /\y}
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